An approach based on combined solutions of the Bethe-Salpeter (BS) and Dyson-Schwinger (DS) equations within the ladder-rainbow approximation in the presence of singularities is proposed to describe the meson spectrum as quark-antiquark bound states. We consistently implement into the 
I. INTRODUCTION
The investigation of mesons as bound states of quarks is of fundamental interest for understanding the low-energy degrees of freedom of strong interaction and its relation to QCD. It is tightly connected with non perturbative methods in QCD and directly related to study of such important phenomena as dynamical chiral symmetry breaking, confinement of quarks, mass splitting of meson multiplets etc. In principle, lattice QCD simulations can provide "experimental" information on most non-perturbative effects of QCD. However, with respect to some practical limitations in lattice calculations, it is extremely important to elaborate in parallel reliable phenomenological or semi-phenomenological approaches to describe the main features of non-perturbative QCD. Such approaches would allow one to extend calculations to large distances, nowadays inaccessible for exact calculations. From the other side, the elaboration of consistent models for QCD bound states in vacuum can serve as clue in understanding the in-medium properties of hadrons at high densities and temperatures. For instance, the planned experiments at FAIR, GSI [1, 2] and NICA [3] , offer the next-generation investigations of charmed probes in proton and anti-proton induced reactions at nuclei as well as heavy-ion collisions accessing the maximum baryon density region. In contrast, the running experiments at RHIC and LHC address, among other important issues, the behaviour of charmed probes in hot matter in the deconfinement region. An ultimate prerequisite of the interpretation of current and future experiments including high-statistic charmed probes is the firm theoretical understanding of the meson spectrum in such a mass range. Once this is accomplished one goes ahead towards in medium-effect by appropriate methods.
In the present paper, the mesonic bound states in vacuum are described within the framework of the homogeneous Bethe-Salpeter (BS) equation [4] with momentum dependent quark mass functions, determined by the Dyson-Schwinger (DS) equation. For the sake of consistency, in both, the BS and DS equations one uses identical interaction kernels. In principle, if one were able to solve the complete set of Dyson-Schwinger equations for quark and gluon propagators and vertex functions as well, the approach would not depend on additional parameters. However, due to known difficulties, in real calculations one restricts oneself to first, one-loop term of the perturbative series and, based on the obtained results, establish a general form of the phenomenological gluon propagators to be used in DS and BS equations. In elaborating such approaches it is important that the suggested BS kernels, which implicitly is also contained in the DS equation, and dressed quark-gluon vertices, pertaining both BS and DS equations, to be consistent to each other, i.e. to guarantee at least the Ward-Takahshi identity [5] . One of such an approach is known as Maris-Tandy model [6] which is based on the rainbow-ladder approximation of the DS equation, see also [7] . The merit of the approach is that, once the effective parameters are fixed, the spectrum of known mesons is supposed to be described on the same footing, including also excited states. The model has been applied to explain successfully many spectroscopic data, such as meson masses [6, [8] [9] [10] [11] [12] , electromagnetic properties of pseudoscalar mesons and their radial excitations [13] and other observables [14] [15] [16] [17] [18] [19] [20] .
The fact that the model encounters difficulties in describing heavy mesons, M > 1 GeV, with at least one light (u, d or s) quark is not often mentioned. However, now this is not a critical defect of the model since the source of difficulties seems to be firmly understood -these are pole-like singularities in the propagator functions from the DS equation at large meson masses [21] . An accurate treatment of the singularities relevant to the kinematical region of the BS equation can essentially facilitate computations of the BS kernel removing in such a way the difficulties and allowing to obtain stable results.
In the present paper we continue our investigation [21] of the prerequisites to the interaction kernel of the combined Dyson-Schwinger and Bethe-Salpeter formalisms to describe the meson mass spectrum including heavier mesons and excited states. In the previous paper [21] for the coefficients of such a decomposition. Then, the further analysis of quark singularities is based on a combined application of Rouché's theorem and a graphical representation of the inverse propagators as vortex fields of the corresponding complex functions, see Ref. [21] for details. In the present paper we restrict ourselves to meson masses up to M = 3.5 GeV and, correspondingly, investigate all the relevant poles of quarks of different flavors (u, d, s and c quarks) solely in this kinematical region. Then we suggest a method of accounting for singularities and solve the BS equation for light and heavier mesons.
It should be noted that there exist other approaches based on the same physical ideas of exploring effective quark interactions. For instance, in Ref. [22] (and references therein quoted) it was demonstrated that within an approach with instanton fluctuations of the QCD vacuum it is possible to describe the mechanism of formation of mesons as bound states of quarks and to analyse their main physical properties, including the relation between quark propagators and quark condensates. Other approaches employ simpler interactions, e.g. a separable interaction for the effective coupling [17] . Such models describe also fairly well properties of light mesons, nevertheless, the investigation of heavier mesons and excited states, consisting even of light (u, 
II. BETHE-SALPETER EQUATION

A. Ladder-rainbow approximation
To determine the bound-state energy (mass) of a quark-antiquark pair one needs to solve the Bethe-Salpeter equation, which in the ladder approximation (hereafter referred to as truncated Bethe-Salpeter (tBS) equation) and in Euclidean space, reads
where the interaction kernel
is the tBS vertex function, and
,2 ) are the quark propagators with the propagator functions σ v,s (k 2 ). The total P and relative momenta p are defined as P = p 1 + p 2 and p = (p 1 − p 2 )/2, where p 1,2 are the momenta of the constituent quarks. The two quarks interact via gluon exchange encoded in [
The vertex function Γ(P, k) is a 4 × 4 matrix and, therefore, may contain 16 different functions.
The interaction kernel is chosen within the ladder rainbow approximation. It has been widely used to study the physics of dynamical chiral symmetry breaking [9] , decay constants [6, 10, 11, 13] and other observables [14] and has been found to provide a good agreement with experimental data. The employed vertex-gluon kernel in the rainbow approximation is chosen here in the form [6, 9, 18, 20] 
where the first term originates from the effective infrared (IR) part of the interaction determined by soft non-pertubative effects, while further ones (hidden in · · · ) ensure the correct ultraviolet (UV) asymptotic behaviour of the QCD running coupling. A detailed investigation of the interplay of IR and UV terms has shown [11, 23] that the IR part is dominant for light u, d and s quarks, with a decreasing role for heavier quark masses (c and b) for which the UV part may play a role in forming meson masses with M > 4 GeV. In the present paper we consider mesons with masses up to 3.5 GeV and, consequently, in the interaction kernel D(k 2 ) the spelled out IR term is accounted for. It depends on two parameter, D and ω. Since within the ladder approximation the tBS amplitude does not depend on the total momentum P , in what follows in Γ(P, p) and in all subsequent partial amplitudes we omit P as redundant notation.
The general structure of vertex functions describing bound states of spinor particles has been investigated in detail, for example, in [24] [25] [26] . To release from the matrix structure, the vertex function Γ is expanded into functions which in turn are determined by angular momentum and parity of the corresponding meson known as the spin-angular harmonics [14, 25, 27] :
The complete set of spin-angular matrices are chosen as:
(i) in the 1 S 0 pseudo-scalar channel
and (ii) for the
where all the above scalar products are written in Minkowski space and the unit vector n p is defined as n p = (0, p/|p|). The left hand side of (5) depends implicitly on M, which denotes the components of the polarization vector
. Similar complete sets of spin-angular harmonics have been employed also in Refs. [18, 26] .
With Eqs. (3)- (5) the integral matrix form of the BS equation (1) can be reduced to a system of two-dimensional integral equations with respect to the partial vertices g α (p), cf. [25, 27] .
B. The hyperspherical decomposition
To further reduce the dimension of the integral we decompose, in Euclidean space, the partial vertices g α (p) and the interaction kernel D(p − k) in (1) over the basis of spherical harmonics Y lm (θ, φ) and normalized Gegenbauer polynomials X nl (χ), i.e. we use the hyperharmonic basis
where G 
We label here and in the following the modulus of an Euclidean vector p = (p 4 , p) by a tilde, i.e.
Actually, in Eq. (7) the summation over l α is restricted by the corresponding orbital momentum encoded in the spin-angular matrices T α (p). It can be seen from Eq. (4) that the spin-angular harmonics T 1,2 (p) in the 1 S 0 channel (pseudoscalar mesons) carry the momentum l α = 0, while for T 3,4 (p) one has l α = 1. Analogously for vector mesons (cf.
(p) and l α = 1 otherwise.
Changing the integration variables to the hyperspace,
inserting (8) and (7) into (1) and performing the necessary angular integrations we obtain a system of integral equations for the expansion coefficients ϕ n α,lα :
The explicit expressions for the coefficients S αβ (p,k, m) result from the corresponding angular integrations over dΩ p , dΩ k , sin 2 χ k dχ k and sin 2 χ p dχ p which can be written in the form
where
with k as the relative momentum of two quarks, and the total momentum P = (iM, 0). The quantity A αβ resulting from evaluations of traces and angular integration in the 3-momentum space, has schematically the form
The angular structure of the integrand in (12) is rather simple: it contains a series of products of spherical harmonics, Gegenbauer polynomials and scalar products of (pk) ∼
e. all angular integrations over dΩ p dΩ k dχ p can be performed explicitly. These integrations provide a smooth quantity A αβ (p,k, κ, χ k ) being free of any singularities. That means the analytical structure of the kernel (10) is entirely determined by the propagator functions σ s,v (k 2 ).
Recall that in Eqs. (9)- (12) the indices (α, β) label the tBS components in the spinor space (α, β = 1 . . . 4 for pseudoscalar mesons and α, β = 1 . . . 8 for vector mesons), (m, n) denote the number of terms in the Gegenbauer decomposition (7), and l α,β are entirely determined by the corresponding components T α,β of the spin-angular basis.
C. Numerical solutions
Now we proceed with solving the BS equation (9) for the partial vertices ϕ n α,lα (p). Equations (9)- (12) represent the desired system of the BS one-dimensional integral equations of the Fredholm type within the hyperspherical harmonics formalism to be solved numerically. Before choosing a specific computational algorithm one has to analyze at least the existence and uniqueness of the solution. Obviously, this issue is directly connected to the properties of the interaction kernels. As known, the main requirement for the existence of solutions of Fredholm type equations is the finiteness of the integral kernel, i.e. of the quantity S αβ (p,k, m, n) in our case. As mentioned above the function A αβ (p,k, κ, χ k ), which determines the kernel poles with known locations and residues, then calculations can be significantly simplified by splitting the singular functions into two terms, one being analytical in the considered region and the other one having a simple pole structure, as discussed below.
In Euclidean space the quark propagator obeys the truncated Dyson-Schwinger equation
where S (14).
B. Propagator functions
The tDS equation (14) 
with
The resulting system of equations to be solved is a system of one-dimensional integral equations with respect to A(p) and B(p) (for details, see [14, 21] ), which we solve numerically.
Independent parameters are ω, D and m q . We find that the iteration procedure converges rather fast and practically does not depend on the choice of the trial start functions for A(p) and B(p).
In our subsequent analysis we employ the effective parameters from Refs. [18, 20] , ω = 0.5
GeV and D = 16 GeV −2 . From the tDS equation (14) it is explicitly seen that, in the right hemisphere, the integrals converge in the tDS equation. That means, an analysis of the behaviour of the solution for 
to calculate the required quantities in any point inside the contour, see also see Ref. [19] . The interaction kernel and its eigenvalues can be found numerically by solving the tDS equation for σ s,v and by implementing this solution into the numerical procedure for tBS equation.
In principle, one can avoid such cumbersome calculations of S αβ (p,k, m, n) by taking advantage of the analyticity of σ s,v in the right hemisphere. It is known [28] that for any analytical function one can find convenient parametrizations in terms of rational functions, which in turn can be chosen in such a form as to be able to calculate the hyperangular integrals explicitly.
A convenient choice for the parametrization to calculate the integrals over Euclidean momentum k in Eq. (10) could be of the following form
where the complex parameters α i and β i can be easily obtained by fitting the corresponding solution along the real axis ofk 2 . We use the Levenberg-Marquardt algorithm for fitting. With such a monopole form of the parametrization the corresponding integral in (10) can be reduced to a sum of integrals of the form
which can be calculated explicitly (see Appendix, Eq. (A3)).
We find that for each function in Eq. (18) the first three terms, which involve 12 parameters, are quite sufficient to obtain a good approximation of the solution. In Tables I and II 
In spite of the quality of the excellent fit it should be noted, however, that since the parametrized functions are of a rather simple shape, the obtained sets of parameters {α i } and {β i } are far from being unique, i.e. one can achieve a similar quality of the fit with many other choices of {α i } and
The only restriction is that the "mass" parameters {β i } must not provide singularities, neither along the real axis, nor in the complex plane inside the parabola, see also Ref. [33] .
The obtained sets of parameters, Tables I and II , have been used in our calculations of the propagator functions at Rek 2 > 0, where they are always analytical. Ref. [21] has been found that at large values of the meson masses M > 1 GeV and at Rek 2 < 0 (i) Choose a relatively large domain within the parabola (13), enclose it with a contour and compute the Cauchy integrals of A(k 2 ), B(k 2 ) and the inverse part of the propagator functions
. Vanishing integrals will imply that these functions are analytical within the chosen contour.
(ii) Compute Rouché's integral 1 of the function Π(k 2 ). Since in the previous item Π(k 2 ) has been found to be analytical, such an integral, according to Rouché's theorem, gives exactly the number of its zeros inside the contour.
(iii) Compute the Cauchy integral of the propagator functions σ s,v (k 2 ) which, if Rouché's integral of Π(k 2 ) is found to be an integer positive number, clearly must be different from zero.
Moreover, it would imply that σ s,v (k 2 ) have poles inside the contour and their Cauchy integrals provide the corresponding residues, necessary in further applications, see below (iv) Shrink the area of the contour until the Rouché's integral becomes equal to one and continue to squeeze the contour, by keeping the value of the Rouché's integral unchanged, until 1 Rouché's integral of an analytical complex function f (z) on a closed contour γ is defined as
the location of the pole is found with the desired accuracy.
The integrals to be calculated are:
1 2πi
We find that at M < 1 GeV all the integrals (20)- (22) are zero, implying that the tDS solution A(k 2 ) and B(k 2 ) and the propagator functions σ s,v (k 2 ) are analytical within the parabola (13).
At M > 1 GeV the Cauchy integrals for A(k 2 ), B(k 2 ) and Π(k 2 ) are still zero, i.e. the inverse propagator Π(k 2 ) is still analytical, while for σ s,v (k 2 ) the Cauchy integrals do not longer vanish.
Moreover, Rouché's integrals of Π(k 2 ) are found to be integer positive numbers which clearly indicates that σ s,v (k 2 ) have poles in this region. The number of poles in the initial contour is given by the value of Rouché's integral (21).
For numerical calculations it is extremely important to find, with a good accuracy, the position of the poles and the corresponding residues for σ s (k 2 ) and σ v (k 2 ). In such a case, if the complex valued functions σ s,v (k 2 ) have only isolated polesk 2 0i within a certain domain and are analytical along its closing contour γ, they can be represented as
where σ s,v (k 2 ) are analytical functions within the considered domain which can be computed
Such a representation (23) of the propagator functions in the presence of pole-like singularities allow to avoid numerical problems in calculations of the kernel (10). The product of two propagator functions in (10) in the presence of singularities receives the form (25) are still complex functions with singularities. However, the position of these singularities are exactly the same as found before, so that they can be again presented in the form (23) as a sum of analytical function and a pole-like structure and reduced to integrals of the type (19) . Equation (25) represents the main ingredient of our approach allowing to handle singularities in the tBS kernel (10).
F. Location of singularities
We calculated the integrals (20) 
IV. NUMERICAL METHODS
The performed analysis of quark propagators allows one to calculate the kernel of the tBS equation in the whole region of the complex Euclidean space relevant for the tBS equation.
In numerical calculations we form the skeletons of approximate solutions and kernels by using the Gaussian method of computing integrals and by restricting the infinite sum over n in Eqs. (7)- (9) by a finite value M max . The Gaussian quadrature formula assures a rather good convergence of the numerical procedure and provides the sought solution in the Gaussian nodes which are spread rather uniformly in the interval 0 ≤p < ∞. In order to have the solution in detail at moderate values ofp, which is the interval of the actual physical interests, one usually redistributes the Gaussian mesh making the nodes more dense at low values ofp. To this end one applies an appropriate mapping of the Gaussian mesh by changing of variables as, e.g. in
Ref. [25] . The resulting system of linear equations reads then as
where the vector
Mmax n=1 (27) represents the sought solution in the form of a group of sets of partial wave components ϕ n α , specified on the integration mesh of the order N G . The matrix S is determined by the corresponding partial kernels (10), the Gaussian weights and the Jacobian of the mapping and is of the N × N dimension, where N = α max × M max × N G . Since the system of equations (26) is homogeneous, the eigenvalues of the bound state with mass M is obtained from the condition det(S − 1) = 0. Then, the partial components ϕ n α are found by solving numerically the system (26) at this bound-state mass M.
We use a combined method of finding the solution X. First, the Gauss-Jordan elimination and pivoting method involving the choice of the leading element is applied. Then the obtained solution is used as a trial input into an iteration procedure to find (after 5 − 10 iterations) more refined results.
A. Pseudo-scalar meson ground states results
As an example of our numerical study we exhibit in Fig. 2 
B. Vector meson states
As mentioned above, the minor difference in calculations of pseudo scalar and vector meson masses consists in the fact that the basis of the spin angular harmonics (5) in the latter case calculations of mass-spectra of mesons of any spin (scalar, pseudo-scalar, vector etc.), cf. [26] .
Here it is worth emphasising that, as one can infer from case of pseudo-scalar mesons, the performed analysis of the vector meson spectra shows that, results of numerical calculations are in an amazing good agreement with experimental data, cf. [11] .
C. Excited meson states
Within the present approach a description of radial excitations of mesons is straightforward. π(1300) [35] . Analogously, for the cū system, the first excited state is found to be around 2530
MeV, which is in a good agreement with data, cf. [35] . Similar results have been obtained also by other groups, see e.g. Ref. [34] .
D. Exhausting method
The above method of finding zeros of the determinant of the integral kernel is rather universal, provided the analytical properties of the kernel itself are known. However, the method becomes quite cumbersome if one tries to increase the accuracy of calculations by increasing the number N G of the Gaussian mesh and the number M max of terms in the Gegenbauer decomposition. In this case, the dimension of the determinants drastically increases and the method of solving it for zeros becomes a challenging procedure. Another approach is to use an iteration method for solving the corresponding equations. As mentioned above, a finite kernel of a Fredholm type equation has a discrete and real spectrum with a nondecreasing sequence of eigenvalues λ. Moreover, it can be proven that, if such an equation is solved by iterations, it converges to the lowest value of the spectrum, i.e. to the ground state of the equation. It means that one can solve the BS equation as an eigenvalue problem,
for the eigenvalue λ(M) as a function of the bound state mass. Then, the sought solution
can be found at λ(M g.s. ) = 1. Then the kernel can be modified for the use of a iteration scheme for exited states. To this end, once the first eigenvalue is found, one constructs from this solution and from the old kernel a new one by subtracting from the previous kernel the contribution of its ground state. It is possible to do it in such a way that the new kernel will have the same spectrum of eigenvalues as the previous one except the eigenvalue already found. Obviously, for the new kernel the iteration method provides its ground state, which actually is the first excited state of the previous kernel. By continuing this procedure for the next eigenvalues one can find all the desired excited states. Such a method is known as the exhausting (depletion) method and was reported in some details in Ref. [27] . It seems that a similar method has been recently employed in Ref. [26] .
This method holds only if the integral kernel is finite. In the case when the kernel S contains singularities through the propagator functions, one has to handle them accurately as to obtain the desired finite S. It should be noted that often in numerical calculations of the kernel (10) the singularities are "overlooked" by not too large integration meshes used to evaluate the two dimensional integrals in (10) . It means that in replacing the continuum Euclidean domain of integration (enclosed by the corresponding parabolas) by discrete meshes, one can "jump" over singularities and perform calculations without any troubles. However, increasing the density of mesh points one can approach closely the singularities and, consequently, the stability of solution can be lost.
In Fig. 4 we illustrate such a case. If one uses, e.g., Gaussian meshes (j, λ) to integrate over k and χ k then in the tBS the corresponding values of momenta of quarks will bek Fig. 4 these nodes are depicted as Rek In principle, to avoid these problems one can use also the so-called "extrapolation" method, by calculating the dependence λ(M) for masses M < 1GeV, for which the kernel is an analytical function, then to extrapolate λ(M) in the region with poles, see Ref. [26] . This method, if used not too far beyond the region of analyticity of the corresponding propagators, provides also rather good agreements with experimental data. Fig. 4) , the angular integration reduces to (see Appendix, Eq. (A2)).
where y is purely real and depends on the position of the pole, y = Im k 2 0i /Mk. Since the pole is supposed to be inside the parabola one always has |y| < 1. For such values of y, the integral (29) is not accessible in quadratures. Obviously, this situation is accidental and occurs only because of our specific choice of the Jacobi coordinates k 1 and k 2 when both quarks carry equal portions of the total momentum P of the bound state. The problem can be solved by redistributing the total momentum P between quarks as
with η = 0.5. In this case, the momenta of quarks are no longer mutually complex conjugated, and the corresponding expression becomes again integrable. In our calculations of excited states of the pion we slightly changed η away from η = 0.5 by ∼ 10% which allows us to perform safely the necessary calculations. In principle, the solution of the BS equation in the ladder approximation must be independent of η, see e.g. Ref. [36] , which, in the rainbow approximation, was numerically confirmed in several papers cf. [8, 9, 29] . It should be noted, however, that in concrete calculations where the Gegenbauer expansion is truncated at some value M max the numerical solution may depend on the choice of η. In our calculations we investigated the sensitivity of numerical solutions on M max and found that for η = 0. A few comments about the normalization of the tBS amplitude are in order here. Since the BS equation is a homogeneous equation, the solution for the amplitude must be additionally normalized. The normalization condition in the general case has been derived in Ref. [4] . For our case it reads [16, 18] 3 2 ∂ ∂P µ T r d 4 k (2π) 4Γ (−P, k)S(k 1 )Γ(P, k)S(−k 2 ) = 2P µ .
In the ladder approximation, due to translation invariance the tBS amplitude, Γ(P, k) does not depend on the total momentum P and often the derivative ∂/∂P µ is moved inside the integral acting only on S(k 1,2 ). Such an operation is mathematically correct only if the integral is absolutely convergent. If so, then the derivative ∂/∂P µ = η ∂/∂k 1µ acting, e.g., on the first propagator S(k 1 ), leads to an expression of the form
i.e. after calculations of the corresponding traces, the remaining integral will contain two identical propagators. Calculations of such integrals are cumbersome, but straightforward.
In the case of singularities, if one still interchanges the derivative with integration, the remaining integral after traces lead again to divergences of the type (29) . In this case, since the two propagators refer to the same quark, even the use of η = 0.5 does not cure the problem.
It merely implies that one cannot exchange derivatives and integrations if the integral is not absolutely convergent. To normalize correctly the tBS amplitude in the presence of poles in propagators, one must first calculate the corresponding traces in (31) as a function of P µ and then evaluate the derivatives numerically.
V. SUMMARY
We analyse the truncated Dyson-Schwinger (tDS) and Bethe-Salpeter (tBS) equations in the Euclidean complex momentum domain which is determined by the mass M of mesons as quark-antiquark bound states. Within the ladder rainbow truncation, only the infrared term in the combined effective vertex-gluon kernel is retained. The locations of singularities of the propagator functions and their residues are determined with high accuracy in the whole region relevant to describe mesons with energy (masses) up to M ≤ 3.5 GeV. We propose a method of separating the analytical part and the pole structure in the propagators to be further implemented easily in numerical algorithms. It is demonstrated that the part with singularities can be integrated explicitly, avoiding in such a way difficulties in handling numerically singular quantities. The proposed method has been applied to calculate the mass spectra of pseudoscalar mesons with M ≤ 3.5 GeV with and without singularities in the propagator functions.
We obtain a good agreement with experimental data.
The performed analysis is aimed at elaborating adequate numerical algorithms to solve the BS equation in presence of singularities and to investigate the properties of mesons, such as the open charm D mesons, related directly to physical programmes envisaged, e.g. at FAIR. Then, as our ultimate goal, the performed analysis is to be used as a base line for investigations of mesons at finite temperatures and baryon densities.
